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Abstract

A tokenizer defines the vocabulary a language model scores at every de-
coding step. Output-vocabulary pruning modifies this vocabulary after
training: it keeps the model and tokenizer fixed and restricts the set of
output tokens scored at inference, compressing the vocabulary-sized out-
put layer. The dominant approach, frequency-based pruning, optimizes
average token coverage, which may lead to stripping the tokens that mi-
nority languages and specialized domains depend on. We address this
by giving the selection problem an explicit objective: the expected log
retained probability mass under the deployment distribution, which we
show is equivalent to minimizing reverse KL to the teacher and is monotone
submodular. We therefore select the retained tokens by greedy maximiza-
tion of this objective, which inherits a (1− 1/e)-approximation guarantee.
Frequency pruning is its linear surrogate, optimal only when contexts
agree on a common token ranking. Across synthetic and multilingual
deployments, greedy outperforms both frequency- and magnitude-based
pruning, with the largest gains where that agreement breaks down. Under
English-dominant calibration, greedy cuts Arabic reverse KL by 0.53 nats
and improves Russian generation by +1.4 chrF, at negligible cost to English;
the same support raises speculative-decoding draft acceptance by +5.4pp
on Arabic. Our main experiments use Qwen3.5-0.8B, and a cross-family
check on Gemma-3-1B confirms the qualitative pattern.

1 Introduction

The tokenizer of a large language model (LLM) defines two vocabularies at once: an input
vocabulary that maps raw text to the tokens the model reads, and an output vocabulary
over which the model scores a distribution at every decoding step. A growing line of work
asks how this vocabulary can be modified after training, without retraining from scratch,
to make the model more efficient or better adapted to a deployment (Ushio et al., 2023;
Bogoychev et al., 2024; Vennam et al., 2024). Output-vocabulary pruning is one such post-hoc
modification: it keeps the model and tokenizer fixed and restricts only the set of output
tokens scored at inference time.

This restriction matters because the output vocabulary is also a systems bottleneck. As
models scale, the vocabulary-sized part of the computation, mapping hidden states to a
distribution over tens or hundreds of thousands of output tokens, can dominate cost
even though in many contexts only a small fraction of the vocabulary carries meaningful
predictive mass. Recent work has made this point explicit: the output embedding matrix
can dominate drafting time in speculative decoding (Zhao et al., 2025; Williams et al.,
2026), and confidence estimation over a large vocabulary can erode the savings from early
exiting (Vincenti et al., 2024). Restricting the output vocabulary is therefore a lever for
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accelerating inference (Chen et al., 2023; Leviathan et al., 2023; Li et al., 2024b; Schuster et al.,
2022; Elhoushi et al., 2024), but the choice of which tokens to keep is itself a tokenization
decision that determines what behavior the modified model can still express.

Prior work has shown that restricting the effective vocabulary can improve memory foot-
print and generation speed, especially when one can exploit language-specific or task-
specific structure (Bogoychev et al., 2024). At a high level, one can imagine two strategies
for such a post-hoc modification. Input-side pruning removes tokens from the tokenizer,
retokenizes the input, and hopes the approximation remains accurate, but changing the
tokenizer changes the hidden states and the entire predictive process, making it difficult
to reason formally about what is preserved. Output-side pruning keeps the model and
tokenizer fixed, restricting only the set of output tokens scored at inference time. This
isolates a cleaner question:

If one can afford to score only K output tokens at each decoding step, which K best
preserve the original model’s behavior?

This question is operationally meaningful in speculative decoding, where a reduced LM
head accelerates drafting (Zhao et al., 2025; Williams et al., 2026), and in early-exit systems,
where pruning the output space accelerates confidence estimation (Vincenti et al., 2024).

The difficulty is that existing pruning rules are largely heuristic. Frequency-based rules,
which keep the tokens that appear most often in a calibration corpus, are simple, inter-
pretable, and often effective. Yet they leave a fundamental question unanswered: what
is the actual optimization problem being solved? Frequency is clearly a useful signal, but it
cannot capture the fact that some tokens are globally rare yet locally indispensable. A code
token such as def, a Cyrillic subword, or a domain-specific biomedical term may carry
modest marginal frequency while concentrating a large fraction of the predictive mass in
the contexts where it matters. A vocabulary policy optimized only for average popularity
can therefore perform poorly on the long tail of deployment contexts.

This paper develops a theory for exactly this output-side problem. We study a fixed
pretrained teacher model and a deployment distribution over contexts; the model and
tokenizer remain unchanged, and only the output support is compressed. Our starting
point is that restricting the output space amounts to projecting the teacher’s next-token
distribution onto a smaller support, turning vocabulary pruning into a support-selection
problem over predictive mass. We propose to select the retained support by maximizing
the expected log retained probability mass. This choice is not ad hoc: we show it is
exactly equivalent to minimizing the expected reverse KL divergence between the teacher
distribution and its support-restricted renormalization. The resulting objective is sensitive
to context coverage: the logarithm penalizes supports that leave some contexts badly under-
covered, and it induces a monotone submodular set function, yielding a near-optimal greedy
algorithm with a formal (1− 1/e)-approximation guarantee.

This perspective also clarifies the role of frequency, which we show is the exact optimizer of
a linearized surrogate: it explains a pattern that has repeatedly appeared in practice, where
simple static pruning rules offer substantial speedups but are brittle when deployment
shifts across domains, languages, or generation modes (Bogoychev et al., 2024; Zhao et al.,
2025; Vincenti et al., 2024).

Our main contributions are as follows. We formulate output-vocabulary pruning as a
support-selection problem over the teacher’s next-token distributions under a deployment
distribution of contexts, and identify expected log-retained-mass as the right objective: it is
equivalent to minimizing the expected reverse KL divergence between the teacher and its
support-restricted renormalization. The resulting objective inherits the monotone submod-
ular structure of log(linear) functions familiar from sensor placement and information-
theoretic subset selection (Krause et al., 2008), yielding a greedy (1−1/e)-approximation
guarantee and an exact lazy-greedy acceleration. We show that frequency pruning is the
linear surrogate of this objective, prove a common-ranking condition under which it is ex-
actly optimal, and construct an example where it is strictly suboptimal. Finally, we show
empirically that this gap is an equity gap: on synthetic and real multilingual distributions,
greedy redistributes budget to the underserved languages that frequency starves, improving
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distributional fidelity and generation quality, with the advantage confirmed downstream
on speculative-decoding draft acceptance.

2 Related Work

Speculative decoding and inference acceleration. Autoregressive decoding is the primary
latency bottleneck in LLM inference. Speculative decoding addresses this by drafting multi-
ple candidate tokens in parallel and verifying them against the target model, achieving 2–4×
speedups without changing the output distribution (Leviathan et al., 2023; Cai et al., 2024; Li
et al., 2024a). As vocabularies grow (e.g., 128K tokens in Llama-3), the LM head that scores
the full vocabulary becomes a dominant cost within the draft step itself. Recent work has
begun to address this directly: FR-Spec (Zhao et al., 2025) restricts draft candidate selection
to a frequency-ranked token subset, reporting that the LM head and softmax account for
62% of drafting time for large-vocabulary targets (e.g., Llama-3-8B) and delivering up to
1.24× additional speedup over EAGLE-2; VocabTrim (Goel et al., 2025) pursues a similar
drafter-vocabulary reduction for memory-bound deployments; and SpecVocab (Williams
et al., 2026) proposes a speculative vocabulary that decouples the draft vocabulary from
the target. Our work provides the theoretical foundation for such vocabulary restrictions:
the frequency ranking used by FR-Spec is the linear surrogate of a principled submodu-
lar objective, and we identify when and why it is suboptimal. The frequency baseline in
our experiments implements FR-Spec’s drafter-vocabulary policy with calibration drawn
from the deployment distribution; our greedy method improves on it across heterogeneous
calibration regimes.

Vocabulary pruning and compression. Static vocabulary reduction has been explored
primarily in multilingual settings, where models can be compressed by removing tokens
unused in the target language (Ushio et al., 2023; Bogoychev et al., 2024; Dorkin et al., 2025),
and more generally for low-compute environments (Vennam et al., 2024). On the dynamic
side, Vincenti et al. (2024) prune the vocabulary at inference time to accelerate confidence
estimation in early-exit architectures, and recent work applies dynamic vocabulary pruning
to stabilize reinforcement learning from human feedback (Li et al., 2025) and to optimize
prefill-decode disaggregation (Zhang et al., 2025). These methods are effective engineering
solutions but lack a unifying objective: they do not formalize what a good pruned vocabu-
lary should optimize, nor do they provide approximation guarantees. To our knowledge,
this is the first work to formulate output-vocabulary pruning as a monotone submodular
maximization problem with an exact reverse-KL interpretation.

3 Submodular Optimization Framework

We formalize output-vocabulary pruning as a support-selection problem for a fixed pretrained
language model with frozen tokenizer and hidden states: if the model may score only a
budgeted subset of output tokens at inference time, which subset preserves the teacher
distribution most faithfully under a deployment distribution of contexts? We introduce a
log-retained-mass objective and develop its reverse-KL interpretation, submodular structure,
greedy guarantee, and connection to frequency pruning over the following subsections. All
proofs are provided in Appendix A.

3.1 Problem setting and the formal optimization problem

Let V denote the finite vocabulary of a pretrained autoregressive language model and let
c ∈ C denote a context (token prefix x<t, or equivalently its final hidden state). Write pc(v) :=
Pθ(Xt = v | X<t = c) for the teacher’s next-token distribution at c. The deployment
environment induces a distribution µ over contexts; the optimal reduced support should
reflect that mixture rather than any corpus-independent notion of importance.

To keep the objective finite we assume a fixed fallback support B ⊆ V always retained (e.g., a
byte-level fallback or small mandatory shortlist), with Mc(∅) := ∑v∈B pc(v) > 0 for every c.

3



Published at the COLM 2026 Tokenization Workshop

The remaining optional tokens are U := V \ B; a feasible support has the form SA := B ∪ A
with A ⊆ U, |A| = r.

For a selected set A ⊆ U, define the retained mass

Mc(A) := ∑
v∈B

pc(v) + ∑
v∈A

pc(v). (1)

Because B is always present, Mc(A) > 0 for every feasible A. We can now state the central
optimization problem.

Definition 3.1 (Output-support selection problem). Given a deployment distribution µ over
contexts, a fallback support B, and a budget r, find

A⋆ ∈ argmax
A⊆U
|A|=r

F(A), (2)

where F(A) := Ec∼µ

[
log Mc(A)

]
.

The choice of the log is not arbitrary; an exact reverse-KL interpretation justifies it in
section 3.3. First, consider what the simpler linear alternative gives.

3.2 A linear warm-up: what frequency pruning actually optimizes

Define the marginal predictive frequency m(u) := Ec∼µ[pc(u)] for each optional token u ∈ U;
this is the output-side analogue of token frequency (empirical next-token counts from a
calibration corpus estimate m(u)). Let L(A) := Ec∼µ[Mc(A)] be the linear retained-mass
objective.

Proposition 3.2 (Linear retained mass yields frequency pruning). For any feasible A ⊆ U,
L(A) = E[Mc(∅)] + ∑u∈A m(u). Consequently, any maximizer of L(A) under |A| = r is
obtained by taking the r tokens with largest marginal predictive frequency m(u).

Frequency pruning maximizes average retained mass, offering no protection against a few
contexts being covered very poorly. Our objective replaces this linear criterion with a
concave one.

3.3 Reverse-KL objective and submodular structure

Reverse KL is the natural distortion. For a fixed context c and support A, the natural
reduced distribution restricts the teacher to SA and renormalizes:

q∗c,A(v) := pc(v) 1{v ∈ SA}/Mc(A). (3)

This is exactly the reverse-KL projection onto the restricted support; forward KL DKL(pc∥q)
is infinite whenever supp(q) ⊂ supp(pc), which is the entire purpose of pruning.

Theorem 3.3 (Exact reverse-KL characterization). For each context c and feasible support A,
q∗c,A minimizes DKL(q∥pc) over q supported on SA, and the minimum value is − log Mc(A).

This identifies the population objective

F(A) := Ec∼µ[log Mc(A)], (4)

whose maximization is exactly minimization of the expected reverse KL between the teacher
and its best support-restricted renormalization.

Submodularity and greedy guarantee. The marginal gain of adding a token u in context c
is log(1 + pc(u)/Mc(A)); it is nonnegative (monotonicity) and decreasing in Mc(A) (sub-
modularity). A token is valuable when it has large mass relative to how poorly the context is
already covered, the property that protects minority contexts.

Theorem 3.4 (Monotone submodularity and greedy approximation). F is monotone sub-
modular. Greedy maximization Ai+1 = Ai ∪ argmaxu(F(Ai ∪ {u})− F(Ai)) achieves F(Ar) ≥
F(∅) + (1− 1/e)(F(A⋆)− F(∅)) for any optimal A⋆ with |A⋆| = r, and no polynomial-time
algorithm can do better unless P=NP (Nemhauser et al., 1978; Feige, 1998).
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Theorems 3.3 and 3.4 are proved in Appendix A. The empirical objective replaces Eµ with a

calibration average F̂(A) = 1
n ∑i log Mi(A), and the diminishing-returns property enables

an exact lazy-greedy acceleration with the same solution as standard greedy (algorithm 1).

3.4 When does frequency work, and when does it fail?

The log objective does not discard frequency pruning; it explains it. Define the omitted mass
Rc(A) := 1−Mc(A), so that F(A) = E[log(1− Rc(A))].

Theorem 3.5 (First-order approximation). Assume Rc(A) ≤ ρ < 1 for all feasible A and c.
Then

F(A) = −E[Rc(A)]−E[η(Rc(A))],

where η(r) := ∑
∞
k=2 rk/k satisfies 0 ≤ η(r) ≤ r2/(2(1−ρ)). The first-order surrogate is frequency

pruning (theorem 3.2).

This explains both the success and the failure mode of frequency pruning. If omitted
mass is uniformly small, the second-order remainder is negligible and frequency is a
good approximation. But if some contexts concentrate the omitted mass sharply, as in
heterogeneous deployments, the second-order penalty matters and the log objective can
prefer a different support.

Under a strong structural condition, frequency is not merely a surrogate but the exact
solution.

Theorem 3.6 (Common-ranking condition). Assume there exists a total order u1 ≻ · · · ≻ u|U|
on U such that pc(u1) ≥ · · · ≥ pc(u|U|) for every context c. Then Arank := {u1, . . . , ur}

maximizes F(A) over all |A| = r, and coincides with the top-r set by marginal frequency.

Frequency pruning is therefore not “wrong”: it is exactly optimal when all contexts agree
on a token ranking. What breaks in heterogeneous deployments is the common-ranking
assumption itself. Once contexts disagree on which tokens matter, as they do when a
deployment mixes code, natural language, and specialized domains, frequency can fail.

That failure is not merely theoretical:

Theorem 3.7 (Frequency pruning can be strictly suboptimal). There exist a deployment distribu-
tion over contexts and a budget r such that the support maximizing ∑u∈A m(u) is not a maximizer
of F(A).

The construction (in Appendix A) uses two equiprobable contexts with complementary
specialist tokens: a token u that is slightly more frequent globally, which the linear criterion
keeps, and tokens b, c that each rescue a different context, which the log objective prefers for
their coverage diversity. This is the mechanism behind section 4: in multi-domain deploy-
ments frequency spends the budget on majority-domain tokens, while greedy distributes it
across all domains.

The theory concerns a fixed global support chosen offline; per-context online selection is
trivial when the full teacher distribution is available. The fallback support B is itself part of
the design space, any always-available support that keeps the reverse-KL objective finite.

4 Experiments

We evaluate greedy log-retained-mass selection (algorithm 1) against frequency pruning
along the axis the theory predicts matters: calibration heterogeneity. Across a synthetic
benchmark (section 4.1), a multilingual distributional study (section 4.2), text continuation
(section 4.3), a robustness suite (section 4.4), and speculative-decoding draft acceptance
(section 4.5), greedy wins where heterogeneity is high, ties under common-ranking, and
concentrates gains on minority languages at negligible majority cost. We use fallback B with
∑v∈B pc(v) = β = 0.01, write K for the support size in real-data experiments (= theoretical
r), and report setup details in Appendix C.

5



Published at the COLM 2026 Tokenization Workshop

100 200 300 400 500 600 700 800 900
Support size r

0.5

1.0

1.5

2.0

2.5

R
ev

er
se

 K
L 

 lo
w

er
 is

 b
et

te
r

(a) Varying support budget (D=10)
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Figure 1: Synthetic multi-domain experiment. Reverse KL (lower is better) for frequency
pruning versus greedy (algorithm 1). (a) Support budget sweep (D=10 domains): greedy
consistently outperforms frequency, with the largest gap at tight budgets. (b) Domain
heterogeneity sweep (r=50): at D=1 both methods coincide; for D ≥ 2, greedy rescues
minority domains that frequency ignores. Shaded regions indicate the improvement.

4.1 Synthetic multi-domain experiment

We construct a synthetic vocabulary of |V|=10,000 tokens with up to D=10 domains, each
contributing a set of 50 domain-critical (“hot”) tokens. Contexts are sampled from Dirichlet-
perturbed domain prototypes, and domains are mixed with harmonic weights wd ∝ 1/(d+1),
so that the majority domain accounts for ∼34% of contexts while the smallest contributes
only ∼3%. We sample 5,000 calibration and 2,500 evaluation contexts per configuration.
Full details of the data generation procedure are in Appendix C.1.

In the support-size sweep (fig. 1a), we fix D=10 and vary the support size r ∈
{100, 300, 500, 700, 900}. Greedy consistently achieves lower reverse KL than frequency
across all support sizes. The gap is largest when the budget is tight: at r=100, greedy
achieves 1.84 versus 2.53 for frequency, a reduction of 0.69. At this budget, frequency leaves
49% of evaluation contexts with retained mass at the fallback floor β=0.01, meaning those
contexts are effectively uncovered, while greedy reduces this fraction to 31%. As r grows
and the budget suffices to cover all domain-critical tokens, the methods converge, consistent
with the common-ranking condition (theorem 3.6).

In the domain-heterogeneity sweep (fig. 1b), we fix r=50 and vary D ∈ {1, . . . , 10}. At D=1,
both methods coincide, the single-domain setting satisfies the common-ranking condition
and frequency is optimal (theorem 3.6). For D ≥ 2, a substantial gap emerges and widens
monotonically: at D=10, greedy achieves 2.48 versus 3.22 for frequency. The mechanism
is precisely the one identified by theorem 3.7: with harmonic mixing weights, frequency
allocates the entire budget to the one or two most prevalent domains, completely ignoring
minority domains. Greedy distributes tokens roughly in proportion to domain weights,
ensuring that even the smallest domain receives representation.

4.2 Multilingual distributional experiment

We validate the theory on real model distributions using Qwen3.5-0.8B-Base (Qwen Team,
2026), a language model with a vocabulary of 248,320 tokens and native support for over
200 languages. We extract next-token distributions on the FLORES-200 benchmark (NLLB
Team, 2022) across 10 typologically diverse languages spanning five scripts (Latin, Cyrillic,
Arabic, Devanagari, CJK). For each language, we construct ∼1,000 calibration and ∼1,000
evaluation contexts from sentence prefixes, yielding ∼10,000 contexts per split. We compare
two calibration regimes: uniform weighting (all languages equal) and English-dominant
weighting (60% English, 40% split among the remaining nine languages). Evaluation is
always uniform across languages. Full details are in Appendix C.2.
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Regime Method en fr ar ja ru zh All

Uniform
Frequency 1.27 1.32 1.57 1.86 1.87 2.16 1.36
Greedy 1.28 1.31 1.51 1.65 1.70 1.87 1.33

Weighted
Frequency 0.79 1.35 2.39 2.34 2.42 2.73 1.68
Greedy 0.87 1.26 1.86 2.03 2.17 2.26 1.51

Figure 2: Multilingual output-vocabulary pruning on Qwen3.5-0.8B-Base with FLORES-200
(10 languages, ∼10K contexts). Left: Reverse KL vs. support size K under English-dominant
calibration. Right: Per-language reverse KL at K=1,000 (lower is better; bold indicates the
better method). Under weighted calibration, frequency starves minority-script languages
while greedy rescues them.

Under English-dominant calibration, greedy consistently outperforms frequency across
all support sizes (fig. 2, left), with the largest gap at K=1,000 (0.17). The per-language
breakdown (fig. 2, right) reveals the mechanism: frequency allocates most of the budget to
English-relevant tokens, leaving non-Latin-script languages severely undercovered. Arabic
reaches a reverse KL of 2.39 and Chinese 2.73 under frequency, while greedy reduces these by
0.53 and 0.47 respectively, at a cost of only 0.08 to English. Under uniform calibration, the gap
is smaller (0.03 globally) but greedy still improves coverage for Chinese (−0.29), Japanese
(−0.21), and Russian (−0.17). A calibration-skew sweep (Appendix D.2) confirms this
monotonically, with the gap growing from +0.13 nats at en= 0.50 to +0.41 at 0.99. Gemma-
3-1B (Gemma Team, 2025) preserves the qualitative pattern at K=10,000 (Appendix D.1).

4.3 Multilingual text continuation

Distributional fidelity should translate into better generation, so we complement the pre-
vious analysis with a downstream experiment on the same model and data: we take the
first 60% of each evaluation sentence as a prompt, generate up to 80 tokens via greedy de-
coding under the pruned vocabulary, and score with chrF (Popović, 2015), a character-level
F-score that handles all scripts uniformly. We keep the English-dominant calibration (60%
English) where section 4.2 showed the largest advantage and reuse the same support sets
(Appendix C.3).

Greedy consistently outperforms frequency in macro-averaged chrF (fig. 3, left), with the
largest gap at small K: at K=1,000, greedy achieves 5.4 versus 4.7 (+15%). The per-language
breakdown (fig. 3, right) mirrors the distributional experiment. The effect is most striking
on Russian: 4.4 vs. 3.0 chrF at K=1,000 (+1.4 chrF, +47% relative; full-vocab ceiling is 12.5).
At K=1,000 both methods produce low-quality generation on non-Latin scripts and usable
absolute quality emerges only at K≥4,000; the pattern of greedy rescuing Cyrillic, Arabic,
and CJK tokens that frequency discards is consistent across K.

4.4 Robustness across deployment types

The preceding experiments vary heterogeneity along a single axis (script and language mix).
To test whether the theory’s prediction holds more broadly, we evaluate at a fixed support
size of K=1,000 on four deployments that span low to high heterogeneity: a single-script
setting (5 Latin-script languages), two multi-script settings (10 languages across 5 scripts,
and 5 disjoint scripts), and an extreme bilingual skew (English and Arabic at a 0.99 mixing
weight). Beyond frequency, we add a data-free baseline, magnitude (Han et al., 2015), which
keeps the K tokens with largest L2 norm of their lm_head row and uses no calibration data,
serving as a lower bound that isolates the value of calibrating to the deployment. Calibration
follows each deployment’s own label composition (Appendix C.4), and we report reverse
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– Full vocab 13.4 14.5 10.6 5.1 12.5 3.9 10.0

1k
Freq. 10.1 9.2 4.2 0.8 3.0 0.9 4.7
Greedy 10.0 9.7 6.3 1.0 4.4 1.1 5.4

4k
Freq. 11.3 10.9 8.5 1.8 6.7 1.4 6.8
Greedy 11.2 11.3 8.5 2.3 9.1 1.8 7.4

10k
Freq. 12.8 11.8 9.4 3.3 10.3 2.2 8.3
Greedy 12.7 11.7 9.4 3.6 10.8 2.5 8.5

Figure 3: Multilingual text continuation on Qwen3.5-0.8B-Base with FLORES-200 under
English-dominant calibration. Left: Macro chrF vs. support size K. Right: Per-language chrF
at selected K values (bold indicates the better method). Greedy improves non-Latin-script
languages (ru, ja, zh) at negligible cost to English.

KL and macro-averaged chrF over each deployment’s languages. Full dataset definitions
and baseline details are in Appendix C.4.

Table 1 shows a consistent ordering: full vocab (the ceiling) < greedy < frequency≪mag-
nitude on reverse KL, and greedy ≥ frequency > magnitude on chrF, on every deployment.
The data-free magnitude baseline collapses everywhere (reverse KL above 3.4 nats, chrF
at most 2.5), confirming that calibration to the deployment distribution is essential and
that the contest is between the two data-driven rules. Between greedy and frequency, the
gap tracks heterogeneity as the theory predicts. In the single-script Latin setting, where
contexts share a common token ranking, greedy and frequency nearly coincide (1.21 vs. 1.22
nats), as theorem 3.6 requires. Where rankings diverge across scripts or under extreme skew,
the gap is large: the high en+ar skew (1.55 vs. 1.95 nats, chrF 8.9 vs. 6.9), the 10-language
multi-script setting (1.53 vs. 1.71), and the 5-script setting (1.25 vs. 1.32). Greedy never loses
and wins when the common-ranking condition fails, the empirical signature of theorem 3.7.

4.5 Speculative-decoding draft acceptance

The previous metrics measure distributional fidelity and generation quality. We turn to
the downstream metric the theory predicts: sample-based speculative-decoding draft acceptance.
Reverse KL of the kept set under the target equals the negative log of the expected accept
probability under Leviathan-Chen sampling (Leviathan et al., 2023; Chen et al., 2023), so a
lower reverse KL must translate into a higher accept rate.

We reuse the four deployments of section 4.4 and measure spec-decode acceptance on
the same matrix. Qwen3.5-0.8B-Base serves as both target and drafter; hard-masking the
drafter’s lm_head to the K=1,000 tokens of each method isolates the effect of support choice

Reverse KL ↓ (nats) chrF ↑

Deployment Full Magn. Freq. Greedy Full Magn. Freq. Greedy

Latin (5 langs) 0 +3.50 +1.22 +1.21 18.6 2.5 10.8 11.9
Multi-script (10 langs) 0 +3.78 +1.71 +1.53 12.1 1.5 5.9 6.6
Multi-script (5 langs) 0 +3.84 +1.32 +1.25 14.0 0.5 7.3 7.7
High skew (en+ar, 0.99) 0 +3.86 +1.95 +1.55 13.9 1.2 6.9 8.9

Table 1: Robustness across deployment types on Qwen3.5-0.8B-Base at budget K=1,000,
reporting reverse KL (lower is better) and chrF (higher is better). Methods: Full, the
unpruned 248k-token ceiling; Magn., a data-free lm_head-norm baseline; Freq., frequency
pruning; and Greedy, ours. Bold marks the best pruned method per metric. Greedy dominates
every pruned method on every deployment, with the largest margin over frequency where
heterogeneity is highest and near-parity where a common token ranking holds (theorem 3.6).
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Method en fr es de ru ar zh hi ja sw All

Frequency 0.56 0.46 0.45 0.35 0.25 0.23 0.20 0.57 0.22 0.39 0.37
Greedy 0.55 0.49 0.46 0.37 0.28 0.28 0.27 0.46 0.26 0.40 0.38
∆ pp −0.9 +3.1 +1.1 +2.2 +3.2 +5.4 +6.6 −11.6 +3.8 +1.3 +1.4

Table 2: Per-language sample-based speculative-decoding draft acceptance at K=1,000 on
the 10-language multi-script deployment of table 1 (FLORES-200, n=200, Qwen3.5-0.8B-
Base). Bold marks the better method per language. Greedy improves every non-Latin-script
language except Hindi (+3.2 to +6.6pp) and ties on English; the global gap is +1.4pp
(p=0.004). Hindi (−11.6pp) is the Qwen tokenizer-specific reversal also seen in section 4.2.

On the high-skew bilingual cell, greedy gains +3.3pp aggregate (p<10−3) at a statistical
tie on English. The single-script Latin and 5-script deployments are within bootstrap noise
(|∆| ≤ 0.9pp); the full aggregate matrix, draft-length sensitivity, and magnitude baseline are
in Appendix D.3.

from model and tokenizer changes. At each cycle the drafter proposes γ=4 tokens that the
target verifies in one forward pass, accepting with probability min(1, p/q) and resampling
from (p− q)+ on rejection. We report per-token acceptance on FLORES-200 prompts (n=50–
200 per cell), with stratified paired-bootstrap 95% CIs on ∆ = greedy− frequency.

Table 2 shows per-language acceptance on the 10-language multi-script deployment. Greedy
improves every non-Latin-script language except Hindi (+3.2 to +6.6pp) and ties on English,
mirroring section 4.3; global gap +1.4pp (p=0.004). The high-skew bilingual cell shows

this more sharply at the aggregate level: greedy gains +3.3pp (p<10−3, paired stratified
bootstrap, n=80), robust to draft length γ ∈ {2, 4, 8} (Appendix D.3). Because this cell is
99% English, the Arabic slice is small-sample; its point estimate (∼ +7pp at a statistical
tie on English) is consistent with the aggregate but we report only the aggregate with a
confidence interval. The remaining two deployments of table 1 have reverse-KL gaps of
≤ 0.08 nats and acceptance differences within bootstrap noise (Appendix D.3). On Gemma-
3-1B (Appendix D.1) greedy improves Hindi reverse KL by 0.10 nats, indicating the Hindi
reversal is specific to Qwen’s Devanagari subword segmentation rather than the algorithm.
Our frequency baseline implements the same drafter-vocabulary restriction as FR-Spec (Zhao
et al., 2025), with calibration drawn from the deployment distribution rather than a fixed
pretraining-style corpus; greedy is a direct improvement on this axis. The acceptance gap
and the underlying reverse-KL gap correspond monotonically across the four deployments:
deployments where greedy ties frequency are those where theorem 3.7 predicts a tie, and
the largest reverse-KL gap produces the largest acceptance gap.

5 Conclusion

This paper introduces an explicit objective for output-vocabulary pruning. We show that
maximizing expected log retained mass under the deployment distribution is equivalent
to minimizing reverse KL to the teacher, and that the resulting set function is monotone
submodular: greedy admits a (1−1/e) approximation guarantee, while frequency pruning is
its linear surrogate, optimal under a common-ranking condition and suboptimal otherwise.
Across four deployments on Qwen3.5-0.8B, the empirical greedy-frequency gap tracks the
underlying reverse-KL gap monotonically on every metric we test, and a cross-family check
on Gemma-3-1B confirms the pattern; the gains land on the minority scripts that frequency
starves. Under English-dominant calibration greedy cuts Arabic reverse KL by 0.53 nats
and improves Russian generation by +1.4 chrF, and the same support raises speculative-
decoding acceptance by +5.4pp on Arabic (+3.3pp aggregate under high skew), all at
negligible cost to English. A calibration-aware output-vocabulary policy is thus a drop-in
replacement for the frequency rule in systems such as FR-Spec, with the largest wins where
standard pruning silently underserves minority users.
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Limitations

Several limitations scope our results. Our theory and experiments restrict only the output
tokens scored at inference, holding the tokenizer and hidden states fixed; this is exactly
what makes support restriction a reverse-KL projection, but it also means we do not address
input-side or full tokenizer pruning, where retokenizing the prompt changes the hidden
states and the entire predictive process. We likewise commit to a single global support
chosen offline and apply it unchanged at every step; per-context selection is trivial when
the full teacher is observable online, but dynamic adaptation of the support to the current
prefix is left to future work. The efficiency gain is correspondingly confined to the output
layer, reducing its cost from O(|V|d) to O((|B| + r)d), and we report distributional and
generation-quality proxies (reverse KL, chrF, draft acceptance) rather than end-to-end wall-
clock latency, which depends on KV-cache, batching, and serving-stack details outside our
scope.

Our empirical validation is also deliberately controlled. Most experiments use Qwen3.5-
0.8B-Base with FLORES-200, complemented by a Gemma-3-1B cross-family check, a single
fallback mass β = 0.01, and a top-8,192 sparse representation of each calibration distribu-
tion that both methods share, so the truncation cannot bias the greedy-versus-frequency
comparison. We compare only methods that share an output-vocabulary-only intervention
with the same calibration data and budget; systems such as VocabTrim and SpecVocab
combine drafter-vocabulary restriction with orthogonal architectural changes and are not
numerically comparable on this axis. Generalization to other model families and vocabulary
sizes, a sensitivity sweep over β, a denser calibration representation, and downstream tasks
beyond continuation (code, dialogue, domain-specific corpora) all remain to be tested.

Ethics Statement

Output-vocabulary pruning changes which tokens a deployed model can still produce, so
the choice of selection rule has a direct equity dimension. Frequency pruning calibrated on
a majority-dominated corpus allocates its budget to the tokens of the dominant language
or domain and can strip away the script-specific tokens that minority languages depend
on, degrading service for exactly the users who are already underserved. Our experiments
make this failure mode concrete: under English-dominant calibration, frequency pruning
leaves non-Latin-script languages such as Russian, Arabic, and Chinese far less faithfully
covered than English. The log-retained-mass objective is designed to counter this effect,
distributing budget so that minority contexts retain usable probability mass, and we view
this fairness-by-construction property as the main societal benefit of the method. We caution,
however, that pruning of any kind reduces a model’s expressive range, that our evaluation
covers ten languages rather than the full long tail of the world’s writing systems, and that
practitioners should validate coverage on their own deployment distribution before pruning
a production model. All data used in this work (FLORES-200) is publicly available and
contains no personally identifiable information.
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A Proofs

This appendix collects the proofs of all formal results stated in section 3. Each proof is
self-contained and preceded by a restatement of the result for the reader’s convenience. We
present them in the order the corresponding results appear in the main text.

A.1 Proof of theorem 3.2 (Linear retained mass yields frequency pruning)

Proposition (Restatement of theorem 3.2). For any feasible A ⊆ U, L(A) = E[Mc(∅)] +
∑u∈A m(u). Consequently, any maximizer of L(A) under |A| = r is obtained by taking the
r tokens with largest marginal predictive frequency m(u).

Proof. From the definition of retained mass (eq. (1)),

Mc(A) = ∑
v∈B

pc(v) + ∑
u∈A

pc(u).

Taking expectation over c ∼ µ and using linearity of expectation:

L(A) = E

[
∑
v∈B

pc(v)
]
+ ∑

u∈A

E[pc(u)]

= E[Mc(∅)] + ∑
u∈A

m(u).

The first term E[Mc(∅)] depends only on the fallback support B and is independent of the
choice of A. Therefore, maximizing L(A) subject to |A| = r is equivalent to maximizing
∑u∈A m(u), which is a modular (additive) objective. Its maximum is achieved by selecting
the r tokens with the largest values of m(u).

A.2 Proof of theorem 3.3 (Exact reverse-KL characterization)

Theorem (Restatement of theorem 3.3). Fix a context c and a feasible support A. Then q∗c,A

defined in eq. (3) minimizes DKL(q∥pc) over all q ∈ QA. Moreover, the minimum value is
DKL(q

∗
c,A∥pc) = − log Mc(A).

The proof proceeds by a direct algebraic decomposition of the KL divergence. The key step
is to introduce the restricted renormalization q∗c,A as an intermediate reference distribution,

which separates the KL into a term we can minimize and a constant that depends only on
the support.

Proof. Take any q ∈ QA. Because q is supported on SA, we can write

DKL(q∥pc) = ∑
v∈SA

q(v) log
q(v)

pc(v)
.

12
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For v ∈ SA, eq. (3) gives q∗c,A(v) = pc(v)/Mc(A). We can therefore rewrite the log-ratio as

log
q(v)

pc(v)
= log

q(v)

q∗c,A(v) ·Mc(A)

= log
q(v)

q∗c,A(v)
− log Mc(A).

Substituting back into the KL expression:

DKL(q∥pc) = ∑
v∈SA

q(v) log
q(v)

q∗c,A(v)

− log Mc(A) ∑
v∈SA

q(v).

Since q is a probability distribution supported on SA, we have ∑v∈SA
q(v) = 1. Therefore

DKL(q∥pc) = DKL(q∥q
∗
c,A)− log Mc(A).

The first term is a KL divergence, which is nonnegative and equals zero if and only if q = q∗c,A.

The second term − log Mc(A) is a constant that does not depend on q. Therefore the
minimum over q ∈ QA is achieved at q = q∗c,A, and the minimum value is − log Mc(A).

A.3 Proof of theorem 3.4 (Monotonicity and submodularity)

Theorem (Restatement of theorem 3.4). For every context c, the set function fc(A) =
log Mc(A) is monotone and submodular on subsets of U. Consequently, the population
objective F(A) = E[ fc(A)] is also monotone and submodular.

The proof relies on two observations: (1) adding a token can only increase retained mass,
which gives monotonicity; and (2) the map x 7→ log(1 + p/x) is decreasing, which formal-
izes the diminishing-returns property that defines submodularity.

Proof. Fix a context c. Let A ⊆ U and let u ∈ U \ A. The marginal gain of adding u is

fc(A ∪ {u})− fc(A)

= log
(

Mc(A) + pc(u)
)
− log Mc(A)

= log
(

1 +
pc(u)

Mc(A)

)
.

Because pc(u) ≥ 0 and Mc(A) > 0, this quantity is nonnegative. Hence fc is monotone:
adding any token to the support can only increase (or maintain) the objective.

For submodularity, let A ⊆ A′ ⊆ U and let u ∈ U \ A′. Since A ⊆ A′, we have Mc(A) ≤
Mc(A′). The function x 7→ log(1 + pc(u)/x) is strictly decreasing on (0, ∞) (its derivative
with respect to x is −pc(u)/(x(x + pc(u))) ≤ 0). Therefore

log
(

1 +
pc(u)

Mc(A)

)
≥ log

(
1 +

pc(u)

Mc(A′)

)
,

which can be rewritten as

fc(A ∪ {u})− fc(A) ≥ fc(A′ ∪ {u})− fc(A′).

This is exactly the diminishing-returns condition that defines submodularity: the marginal
value of adding u is at least as large when the current set is smaller.

Finally, both monotonicity and submodularity are preserved under nonnegative linear
combinations. Since F(A) = Ec∼µ[ fc(A)] is an expectation (i.e., a nonnegative weighted
sum) of monotone submodular functions, F is itself monotone and submodular.

13



Published at the COLM 2026 Tokenization Workshop

A.4 Hardness and greedy approximation (part of theorem 3.4)

Theorem (Greedy guarantee, part of theorem 3.4).

(i) Maximizing a monotone submodular function under a cardinality constraint is NP-hard.
(ii) No polynomial-time algorithm achieves a ratio better than (1−1/e) unless P=NP.

(iii) Greedy achieves this bound:

F(Ar) ≥ F(∅) + (1− 1
e )
(

F(A⋆)− F(∅)
)
.

Parts (i) and (ii) are classical results in combinatorial optimization. The NP-hardness and
(1− 1/e) inapproximability follow from Feige (1998); part (iii) is the celebrated greedy
guarantee of Nemhauser et al. (1978). We include the self-contained proof of part (iii) for
completeness, as it is central to the paper.

Proof of part (iii). Define the normalized objective H(A) := F(A)− F(∅). Then H(∅) =
0, and H remains monotone and submodular (since adding a constant preserves both
properties).

Fix an iteration i ∈ {0, . . . , r− 1}. We will show that the gap H(A⋆)− H(Ai) shrinks by a
factor of at least (1− 1/r) at each step.

Since H is monotone, H(A⋆) ≤ H(A⋆ ∪ Ai). Therefore

H(A⋆)− H(Ai) ≤ H(A⋆ ∪ Ai)− H(Ai).

By submodularity, the right-hand side can be bounded by summing individual marginal
gains:

H(A⋆ ∪ Ai)− H(Ai)

≤ ∑
u∈A⋆\Ai

(
H(Ai ∪ {u})− H(Ai)

)
.

There are at most r terms in this sum (since |A⋆| = r). By construction, greedy selects the
token with the largest marginal gain at each step, so each term is at most H(Ai+1)− H(Ai).
Hence

H(A⋆)− H(Ai) ≤ r
(

H(Ai+1)− H(Ai)
)
.

Rearranging:

H(A⋆)− H(Ai+1) ≤
(

1−
1

r

)(
H(A⋆)− H(Ai)

)
.

This is a contraction: the gap to optimality shrinks by a factor of (1− 1/r) at each iteration.
Iterating from i = 0 to i = r− 1 and using H(A0) = 0:

H(A⋆)− H(Ar) ≤
(

1−
1

r

)r
H(A⋆).

Thus H(Ar) ≥
(
1− (1− 1/r)r

)
H(A⋆). Finally, the inequality (1− 1/r)r ≤ e−1 (which

holds for all r ≥ 1) gives the (1− 1/e) bound.

A.5 Proof of theorem 3.5 (First-order approximation and error bound)

Theorem (Restatement of theorem 3.5). Assume Rc(A) ≤ ρ < 1 for all feasible A and c.
Then

F(A) = −E[Rc(A)]−E[η(Rc(A))],

where η(r) := ∑
∞
k=2 rk/k satisfies 0 ≤ η(r) ≤ r2/(2(1−ρ)). The first-order surrogate is

frequency pruning.

The proof uses the Taylor expansion of log(1− r) and bounds the remainder term.
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Proof. For r ∈ [0, 1), the Taylor expansion of the logarithm gives

log(1− r) = −
∞

∑
k=1

rk

k
= −r−

∞

∑
k=2

rk

k
︸ ︷︷ ︸
=: η(r)

.

The remainder η(r) is clearly nonnegative. To bound it from above for r ∈ [0, ρ]:

η(r) =
∞

∑
k=2

rk

k
≤

1

2

∞

∑
k=2

rk

=
r2

2(1− r)
≤

r2

2(1− ρ)
,

where the first inequality uses 1/k ≤ 1/2 for k ≥ 2, and the second uses r ≤ ρ.

Now substitute r = Rc(A) = 1−Mc(A) and take expectations:

F(A) = E[log(1− Rc(A))]

= −E[Rc(A)]−E[η(Rc(A))].

To identify the first-order term, expand E[Rc(A)]:

E[Rc(A)] = 1−E

[
∑
v∈B

pc(v)
]
− ∑

u∈A

m(u).

The first two terms are independent of A. Therefore, minimizing the first-order contribution
E[Rc(A)] is equivalent to maximizing ∑u∈A m(u), which is exactly frequency pruning
(theorem 3.2).

A.6 Proof of theorem 3.6 (Common-ranking condition)

Theorem (Restatement of theorem 3.6). If there exists a total order u1 ≻ · · · ≻ u|U| on U

such that pc(u1) ≥ · · · ≥ pc(u|U|) for every context c, then Arank := {u1, . . . , ur} maximizes

F(A) over all |A| = r, and coincides with the top-r set by marginal frequency.

The proof shows that a common ranking makes the top-r tokens simultaneously optimal for
every context, not just on average. This is a much stronger condition than what the greedy
algorithm requires.

Proof. Fix any feasible set A ⊆ U with |A| = r, and fix any context c. Because u1, . . . , ur are
the r tokens with the largest probabilities under pc (by the common-ranking assumption),
we have

r

∑
j=1

pc(uj) ≥ ∑
u∈A

pc(u).

Adding the baseline mass ∑v∈B pc(v) to both sides gives

Mc(Arank) ≥ Mc(A).

Since log is an increasing function:

log Mc(Arank) ≥ log Mc(A).

This holds for every context c. Taking expectation over c ∼ µ:

F(Arank) ≥ F(A).

Since A was arbitrary, Arank is optimal.

For the second claim: if ui ≻ uj, then pc(ui) ≥ pc(uj) for every context c. Taking expectations

gives m(ui) = E[pc(ui)] ≥ E[pc(uj)] = m(uj). Hence the common ranking is also the
ranking by marginal predictive frequency, and Arank is the frequency solution.
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A.7 Proof of theorem 3.7 (Frequency can be strictly suboptimal)

Theorem (Restatement of theorem 3.7). There exist a deployment distribution over contexts
and a budget r such that the support maximizing ∑u∈A m(u) is not a maximizer of F(A).

This is a minimal counterexample with three optional tokens and two contexts. It demon-
strates the generalist-vs-specialist tradeoff that is central to the paper: a globally frequent
“generalist” token is preferred by the linear criterion, but two domain-specific “specialist”
tokens yield higher F by avoiding catastrophic undercoverage.

Proof. Let the optional vocabulary be U = {u, b, c} and let the budget be r = 2. Assume the
fallback support contributes probability 0.01 in every context. Consider two contexts, c1 and
c2, each occurring with probability 1/2, with teacher probabilities:

pc1
(u) = 0.34, pc1

(b) = 0.65, pc1
(c) = 0,

pc2(u) = 0.34, pc2(b) = 0, pc2(c) = 0.65.

The marginal predictive frequencies are m(u) = 0.34, m(b) = 0.325, m(c) = 0.325. Since
m(u) > m(b) = m(c), the frequency solution selects u and one of b, c; without loss of
generality, Afreq = {u, b}.

Under Afreq, the retained masses are:

Mc1
(Afreq) = 0.01 + 0.34 + 0.65 = 1.00,

Mc2(Afreq) = 0.01 + 0.34 + 0 = 0.35.

Context c1 is perfectly covered, but context c2 retains only 35% of its mass. The objective
value is

F(Afreq) =
1
2 log 1.00 + 1

2 log 0.35

= 1
2 log 0.35 ≈ −0.525.

Now consider the alternative Aspec = {b, c}. Its retained masses are:

Mc1
(Aspec) = 0.01 + 0.65 + 0 = 0.66,

Mc2(Aspec) = 0.01 + 0 + 0.65 = 0.66.

Both contexts are covered equally. The objective value is

F(Aspec) = log 0.66 ≈ −0.416.

Since −0.416 > −0.525, we have F(Aspec) > F(Afreq), and the frequency solution is strictly
suboptimal.

The intuition is clear: token u is the “generalist”: it has moderate mass in both contexts.
Tokens b and c are “specialists”: each is critical in exactly one context and useless in the
other. The linear criterion prefers the generalist because it contributes more mass on average.
But the log criterion recognizes that the generalist’s contribution to c1 (where coverage is
already excellent) is worth much less than the specialist’s contribution to c2 (where coverage
is catastrophically low). This is exactly the diminishing-returns mechanism formalized by
theorem 3.4.

B Lazy-Greedy Algorithm

Algorithm 1 below gives the lazy-greedy procedure used in all experiments. Submodularity
of F guarantees that marginal gains are non-increasing as the support A grows, so any
previously computed gain is a valid upper bound on its current value. Maintaining a max-
heap keyed by these upper bounds and recomputing a candidate’s gain only when it reaches
the top of the heap produces the same selection as standard greedy while performing far
fewer gain evaluations in practice.
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Algorithm 1 Lazy Greedy for Log-Retained-Mass Maximization

Require: Calibration distributions p1, . . . , pn over V; budget r; fallback mass β
Ensure: Selected support A with |A| = r

1: Mi ← β for all i = 1, . . . , n

2: Compute ∆(v)← 1
n ∑

n
i=1 log

(
1 + pi(v)/Mi

)
for all v ∈ U

3: Insert all (v, ∆(v)) into max-heapH
4: A← ∅

5: for k = 1 to r do
6: repeat
7: Pop (v, key) fromH

8: ∆← 1
n ∑

n
i=1 log

(
1 + pi(v)/Mi

)
{recompute exact gain}

9: if ∆ ≥ top key ofH then
10: A← A ∪ {v}; Mi ← Mi + pi(v) for all i
11: else
12: Push (v, ∆) back intoH
13: end if
14: until |A| = k
15: end for
16: return A

Proposition B.1 (Lazy greedy is exact). Let u be the candidate accepted at termination of a given
round of algorithm 1, and let U(w) denote the stored upper bound on each remaining candidate
w ∈ U \ A. Then u has the largest exact current marginal gain among all remaining candidates,
and is precisely the token that standard greedy would select.

Proof. By the stopping condition, after recomputation the exact gain of u satisfies ∆(u |
A) ≥ U(w) for every remaining candidate w. Since each stored key U(w) is an upper bound
on ∆(w | A) (submodularity: marginal gains cannot increase as A grows), ∆(w | A) ≤
U(w) ≤ ∆(u | A) for all w. Hence u is the exact argmax of ∆(· | A), which is what standard
greedy selects.

C Experimental Details

C.1 Synthetic multi-domain experiment

Vocabulary structure. The vocabulary of |V|=10,000 tokens is partitioned as follows: a
shared block of 500 tokens (indices 0–499) common to all domains; up to 10 domain-specific
blocks of 500 tokens each (domain d occupies indices 500+500d through 999+500d); and
a tail block of 4,500 tokens (indices 5,500–9,999). Within each domain block, 50 tokens are
designated as a hot subset, selected once using a fixed random seed (seed = 42) and shared
across all configurations.

Domain prototypes. For each active domain d, we define a prototype next-token distri-

bution π(d) ∈ ∆(V) that places: mass 0.55 uniformly on its 50 hot tokens (0.011 per token);
mass 0.30 uniformly on the 500 shared tokens (0.0006 per token); mass 0.10 uniformly on
the remaining 450 tokens in its own block (∼0.00022 per token); and mass 0.05 uniformly on

all other tokens (∼5.6× 10−6 per token).

Context sampling. Individual contexts are sampled as draws from a Dirichlet distribution

centered on the prototype: pi ∼ Dirichlet(α · π(d)), where α = 80 is the concentration
parameter. Higher α produces contexts closer to the prototype; lower α increases within-
domain variation.

Domain mixing. For D active domains, domain d ∈ {0, . . . , D−1} receives weight wd ∝
1/(d+1) (harmonic weights). The number of calibration contexts from domain d is ⌊wd ·
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5,000⌉, and similarly for the 2,500 evaluation contexts. Calibration and evaluation sets use
different random seeds (calibration: 1000+D; evaluation: 2000+D) but the same hot-subset
selection.

Support sizes. Experiment A (support sweep): D=10, r ∈ {100, 300, 500, 700, 900}. Experi-
ment B (domain sweep): r=50, D ∈ {1, 2, . . . , 10}. The same calibration/evaluation data is
reused across all r values in Experiment A.

C.2 Multilingual distributional experiment

Model. Qwen3.5-0.8B-Base (Qwen Team, 2026), a 0.8B-parameter autoregressive language
model with vocabulary size 248,320 and native multilingual support.

Languages. We select 10 typologically diverse languages from FLORES-200 (NLLB Team,
2022): English (en), French (fr), Spanish (es), German (de), Swahili (sw) [Latin script];
Russian (ru) [Cyrillic]; Arabic (ar) [Arabic script]; Hindi (hi) [Devanagari]; Japanese (ja),
Chinese (zh) [CJK].

Context construction. For each language, we tokenize all sentences in the FLORES-200 dev

split (calibration) and devtest split (evaluation). From each sentence, we extract contexts
at every token position, yielding ∼1,000 contexts per language per split. For each context,
we store the top-8,192 next-token probabilities as a sparse representation of the teacher
distribution.

Calibration regimes. Uniform: all languages contribute equally (wℓ = 1/10). English-
dominant: English receives wen = 0.6; the remaining 9 languages share 0.4 equally (wℓ ≈
0.044). Evaluation is always uniform across all languages.

Support sizes. K ∈ {1,000, 2,000, 4,000, 6,000, 10,000}.

C.3 Multilingual text continuation

Generation protocol. For each of the ∼1,000 evaluation sentences per language, we take
the first 60% of tokens as a prompt and generate a continuation of up to 80 tokens using
greedy (argmax) decoding. At each decoding step, the model scores only the tokens in the
selected support A; all other tokens receive −∞ logits.

Evaluation metric. We use chrF (Popović, 2015) (character n-gram F-score, n ≤ 6), which
handles all scripts uniformly without requiring word segmentation. We report per-language
chrF and the macro average across the six evaluation languages (en, fr, ar, ja, ru, zh).

Calibration. English-dominant weights (60% English, 40% split among the other nine
calibration languages, matching the distributional experiment). The same support sets from
the distributional experiment are reused.

C.4 Robustness across deployment types

Deployments. The robustness study (section 4.4) evaluates four deployments at a fixed
budget K=1,000, each defined by a set of labels and a calibration weight on the dominant la-
bel (the remainder split equally among the others): Latin (5 langs), five Latin-script languages
from Wikipedia (en 0.60; fr/de/es/it 0.10 each); Multi-script (10 langs), the ten FLORES-200
languages with graduated weights (en 0.60; fr/es 0.08; de 0.05; ru/ar 0.04; zh/hi/ja 0.03;
sw 0.02), spanning five scripts; Multi-script (5 langs), five disjoint scripts from Wikipedia
(Latin/en 0.60; Cyrillic/ru, Arabic/ar, CJK/zh, Devanagari/hi 0.10 each); and High skew
(en+ar, 0.99), two FLORES-200 languages at extreme skew (en 0.99; ar 0.01). Calibration
weights the contexts of each label by its share; evaluation is uniform over labels. Context
construction, the top-8,192 sparse teacher representation, and the chrF generation protocol
are identical to Appendices C.2 and C.3.
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Magnitude baseline. In addition to frequency and greedy, the robustness study includes
magnitude, a data-free baseline that applies the magnitude-based saliency criterion of Han
et al. (2015) at the granularity of output-token rows, keeping the K tokens with the largest
L2 norm of their lm_head row. It uses no calibration data and therefore serves as a lower
bound that isolates the value of calibrating the support to the deployment distribution. All
pruned methods share the same fallback support and keep the same number of tokens, so
differences reflect which tokens each method retains rather than how many.

D Additional empirical results

D.1 Cross-family validation on Gemma-3-1B

To verify that the qualitative pattern of section 4.2 is not specific to the Qwen tokenizer
family, we re-run the multilingual distributional experiment on Gemma-3-1B-PT (Gemma
Team, 2025) (V=262,144), using the same FLORES-10 corpus and the same graduated
English-dominant calibration weights. Table 3 reports global reverse-KL at three support
budgets and table 4 reports the per-language breakdown at K=10,000.

Method K=4,000 K=10,000 K=20,000

Magnitude 4.02 2.96 2.55
Frequency 4.05 0.76 0.354
Greedy 4.05 0.73 0.348

Table 3: Global reverse KL on Gemma-3-1B-PT, FLORES-10, English-dominant calibration.
At K=4,000 all three methods sit near the β-floor because Gemma-3’s 262k-token vocabulary
is too sparse for any small budget to cover the per-context tops. Once K admits those tops,
greedy is consistently ahead of frequency, with the gap of ∼ 0.03 nats at K=10,000 shrinking
to ∼ 0.006 at K=20,000 as both approach the full-vocab ceiling. The data-free magnitude
baseline is much larger than the data-driven methods once they separate from the floor.

Method en fr es de ru ar zh hi ja sw

Frequency 0.28 0.62 0.58 0.77 1.21 0.75 0.97 0.84 1.02 0.58
Greedy 0.32 0.64 0.59 0.77 1.12 0.73 0.89 0.74 0.93 0.58

Table 4: Per-language reverse KL on Gemma-3-1B-PT at K=10,000. Greedy improves
Russian, Chinese, Hindi, and Japanese (−0.08 to −0.10 nats each) at a cost of +0.04 on
English, mirroring the Qwen3.5-0.8B pattern of fig. 2 (right). Frequency is slightly better on
three Latin-script languages; greedy is strictly better on every non-Latin script.

D.2 Calibration-skew sweep on FLORES-10

Section 4.2 reports two calibration regimes (uniform and 60% English). To map the de-
pendence of the greedy advantage on calibration skew, we re-run the FLORES-10 cell at
K=1,000 with the dominant English weight varied across {0.50, 0.75, 0.90, 0.99} (remainder
split equally among the other nine languages); table 5 reports global reverse-KL for each
method.

D.3 Speculative-decoding: full-matrix aggregate and γ sweeps

The body table 2 reports per-language results for the two deployments where the underlying
reverse-KL gap is non-trivial. Table 6 gives the full aggregate-acceptance matrix on all four
deployments, with the magnitude data-free baseline included.

Draft length sensitivity. We repeat the high-skew cell at draft lengths γ∈{2, 4, 8} (table 7).
Greedy’s per-token acceptance is essentially constant in γ (∼ 0.40), while frequency drifts
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en weight Magnitude Frequency Greedy ∆ (freq−greedy)

0.50 3.78 1.57 1.44 +0.13
0.75 3.78 1.83 1.57 +0.26
0.90 3.78 2.18 1.84 +0.35
0.99 3.78 2.92 2.51 +0.41

Table 5: Global reverse KL on FLORES-10 at K=1,000 as a function of calibration skew
(Qwen3.5-0.8B-Base). The greedy−frequency gap grows monotonically with skew, in line
with theorem 3.7. Magnitude is independent of calibration weights, so its value is constant
across rows.

Deployment Magn. Freq. Greedy ∆ pp, 95% CI

Latin (5 langs) 0.08 0.49 0.48 −0.9 [−3.0,+1.3]
Multi-script (10 langs) 0.05 0.37 0.38 +1.4 [+0.4,+2.5]
Multi-script (5 langs) 0.05 0.44 0.43 −0.7 [−2.2,+0.9]
High skew (en+ar, 0.99) 0.05 0.37 0.40 +3.3 [+1.6,+4.9]

Table 6: Aggregate sample-based speculative-decoding draft acceptance on all four de-
ployments of table 1 at K=1,000 (Qwen3.5-0.8B-Base). Magnitude is the data-free baseline;
bold marks the best pruned method. The two deployments with the smallest reverse-KL
gaps in table 1 (Latin and Multi-script-5, both ≤ 0.08 nats) have |∆| ≤ 0.9pp with CIs
straddling zero, consistent with the theoretical prediction that small reverse-KL gaps yield
small acceptance gaps.

slightly downward as γ grows, so the paired gap widens from +3.4pp at γ=2 to +4.3pp at
γ=8. The qualitative finding does not depend on this hyper-parameter, and longer draft
chains slightly favor greedy because the chance of crossing a specialist-token boundary that
frequency mis-handles grows with γ.

γ Frequency Greedy ∆ pp, 95% CI

2 0.37 0.41 +3.4 [+1.9,+4.8]
4 0.37 0.40 +3.3 [+1.6,+4.9]
8 0.36 0.40 +4.3 [+2.6,+5.8]

Table 7: Acceptance on the high-skew deployment (en+ar, 0.99) at three draft lengths γ.
Greedy’s gain is robust across γ and grows slightly with longer drafts. ∆ is the per-prompt
stratified paired-bootstrap mean difference (greedy − frequency), n=80 prompts.
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